ANALYTIC SOLUTION OF NONLINEAR BOUNDARY
VALUE PROBLEM GOVERNING THE ELECTRICAL
BEHAVIOUR OF CELL MEMBRANE
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In this paper, AdomianDecomposition Method(ADM) and Taylor Expansion
Approach(TEA) are applied to solve nonlinearintegro-differential equation arising
in cell membrane theory. After solving theproblem acomparison is made between
them.
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Introduction

Mathematical formulation of scientific and engineering problems often turn out
to be nonlinear initial and/or boundary value problems in nature. The interplay
between applied science and mathematics leads to the development of initial and/
or boundary value problems for nonlinear partial differential or integral or integro-
differential equations modelling real physical systems. The theory and application
of integral and integro-differential equations is important in applied mathematics.
These equations are used as mathematical models for many and varied physical
situations and also occur as reformulations of other mathematical problems. These
problems contain some physical parameters. While solving, these parameters
are assumed to be small or large. Sometimes the nonlinearity is assumed to be
weak. Nonlinear boundary value problems can be solved either numerically or
analytically.
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Analytic solutions are important since they give physical insight to the problems
under investigation,which is lacking in the numerical results. Analytic solution to
nonlinear problems can be obtained in many ways such as Taylor Series Method
[4], Picard’s Method [10], AdomianMethod [1, 12], Taylor Expansion Approach [8],
Laplace Decomposition Method [13], Reversion Method [13], Sarafyan’s Method
[2] and Laplace Adomian Decomposition Algorithm [7].

Taylor Series Method is difficult to apply since one need to find an analytic
expression for arbitrarily high derivatives. In Picard’s successive substitution
method, the complexity increases very rapidly. Adomian method is an optimal
method-optimal in the sense that it requires lower number of derivatives,
evaluation in the nonlinear term to obtain Adomian polynomials and successive
terms of the decomposition are calculated very easily and summed up to obtain
an approximate analytic solution. Sarafyan’s method for ordinary differential
equations and systems obtain continuously differential polynomials yielding a
fourth order Runge-Kutta approximation at all interior points of an interval and a
fifth order approximation at the end points.

In this paper we discuss the Taylor Expansion Approach (TEA) for solving
initial/boundary value problems of nonlinear integro-differential equations. This
method transforms nonlinear integro-differential equation to matrix equation
which corresponds to a system of nonlinear equations with unknown coefficients.
These unknown coefficients can be found by the initial conditions successively to
the higher approximations.

The numerical solution of nonlinear integro-differential equation has been highly
studied by many authors. In recent years, numerous works have been focusing on
the development of more advanced and efficient methods for integro-differential
equations such as Wavelet-Galerkin Method [3], Lagrange’s Interpolation Method
[12] and Tau Method [9] and semi-analytical techniques such as Laplace Adomian
Decomposition Algorithm [7] Adomian Decomposition Method [12]. Moreover,
previous studies require more effort to achieve the results, they are not accurate
and usually developed for special type of integro-differential equations.

2.  Adomian Decomposition Method
Adomian method consists of
(i) splitting the given operator equation into linear and nonlinear parts

(i) operating by the inverse of the linear operator on both sides(In most of the
cases only the highest order derivative of the linear part is inverted and the rest is
considered with the nonlinear part since the inversion is linear)
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(i) decomposing the unknown function into a sum whose components are to be
determined

(i) identifying the terms arising out of source terms and initial and/or boundary
conditions as the initial term of the sum and

(iii) obtaining the successive terms of the sum in terms of the initial term using
Adomian polynomials, which are nothing but the coefficients of the powers of a parameter
in the Maclaurin’s series expansion of the given nonlinear function.

In Adomian Method all the conditions given in the problems were used to obtain
the initial term u, ,irrespective of whether the given problem was initial/boundary
value problems. All other components of the sum were calculated using the Adomian
polynomials which dependon. Thus finding u, correctly and completely is an important
step while applying Adomian Method. For initial value problems u,can be directly found
out using the given initial conditions. But for boundary value problems, it was rather
difficult to find completely and correctly from the conditions given. To avoid these
difficulties Venkatarangan and Sivakumar introduced a modification of the method, [15]
Shooting Type ADM. Further details can be found in [7], [15], [17].

3. Taylor Expansion Approach

General form of the problems under consideration are nonlinear integro-
differential equations of Fredholm and Volterra types in the forms

b
V() =/ () + [ K 0gly(0) de 5 0 <x <b
i
and
1 I]
Y0 =) + [ K gley() dr s 0<x <
0
with initial condition y(a) =y where a and b are constants, f(x) , K(x,s). g(t y(¢))are
known functions and »(x) is the solution to be determined.In this equations, without loss
of generality, we assume that. It will become clear that, following analysis can be readily
extended to every aeR. Hence the general form is converted into the following way
b
VY (x) =/ (x) +j Kx,0) gliy(0) di ; 0<x<b

0
and

V() =f(x) + j K(x,0)g(t,v(1)) dr with the initial condition ¥(0) =g
0
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Consider the Volterra integro-differential equations.

Assume that the solution of the Volterra integro-differential equation is expressed in
the form
AN+ 1
yix) = z — )" e (1)

]
n=0 .

which is the Taylor polynomial [16] of degree &/ 4 1| at x =10 wherey(0) =Yg
and the coefficients },[u]{m =12 3 N 1 are to be determined.

W(l) = 1,1 {G( (£))) be

Let g(rv(1) = Gly(1)) ZH (n) where D! (1) =0

the

the nonlinear term in Volterra integro-differential equation.

For I=0 Y,(t)=1, andfor > 0, we obtain the Taylor expansion of ¥;{f)
at t=0 intheform
N

y{m]{{}}
_ b m
rio) mZﬂ m! :
Substituting in the nonlinear Volterra integro-differential equation
N X
() =1 + 2 Jmm’ D e (2)

0

Differentiate (2) n times with respect to x,

YD Am ey - Sy () 3)
=0
where
i -
V{”}[I] = d J K(x, 1) ]"J.{I]Irff
dx" |1y
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and for, n = by applying successively n times the Leibnitz’s rule in the integral, F/{x)

n—1

) = 2 [y r 0] { aa—[ Kl ) JT(1) di
J=0 *
0
where -
a

hi(x) = —[ K(x,1)]

X t=x

ibnitz’ n—ji—1})
From the Leibnitz’s rule,we evaluate [hr'{l_} F}{r] ]'i t— as

/]

m—ji—1

= X ("L T e

=0 i

Hence J-im) (x) is expressed as

n—jn—m-—1

pin) z z {[n e ]hj[n—m—j—!]{_r}}}(m,ﬁ(x)

m=
X

[ : [ !;[Io;l]}’;[:} d'!
ax"
0

Substituting in (3) and set x = ¢

Py = +EW

n=jn—=m=1

Z Z {["_J === Dy )

m=

At = ¢ for 1>0, substituting }’!{r} in the above equation and for convenience
represented as
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n—1

]
Zﬂ{Hnm,a' + Tunr.f] }(F[m [C]
g

N

YDy =pm(c) 4 Z

[m]
+ 2 Tmi: FYP’ ]

m=

For y =0

n—1

2 (Hy g T )5 ™€) =0:1=0,1,2,3,c 30PN 0 <
m=0

For n > m
H =0:/=0,1,2, 3 NV
nm, |
Also for pu m I1=0,1,2,3 ..ccccecc.... N
.
_ L _oam
=W = ,1-=L-“ )" de
0
The equation }’],["’ ) (¢) for m=0,1,2,3............ N__can be found from the

permutation relation

}.}i!i‘]][cJ

! ! 1
z [Irm r]y(])(ﬂ]}{z)“}] _},( F}{D}
f +i, +""+!;=’” 12 -y

= A=0m=0,1,2....N

0 :I=0m=10
1 =m=10
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[ m ]_ m! P
TR S I T TR t
where L) Bty -ty r Ty L t! ! are

positive integers or zero.

If we take, 7,m=0, 1,2, 3, ... N (5) becomes

N A
y ey =) + X Z AL S

I=0m=
N [n—1
.V{"+ ”{‘:} {[ﬂj + z Z {Hmn i um I] }FF{””[C}

y ! )
+ 2T, 7"

whichis a nonlinear system of N -+ lequations for N -+ 1 unknown
plrt H[c] cn=0,1,23.. . which can be solved numerically by any
standard method.This systemcan be wrltten as a matrix form

N
&
¥- z 1}}} =F . (6) where
=10
ie) e} Bor oy Ty = Toyg 1% (e) ¥(%(c)
_\'lz'l[l:‘] A1) r
y3lie) jp-.{f} NoptBy Ty Tigg e Ty 1) ¥ e
- . S e) - : 72 (e) Yrm'["}
..... | ¥o= y{’:
sl L
! £ el Boos By 0 ¥ Ne) yNie)
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To make easy calculation, we set =0 then T = (1 .Therefore, the system becomes

nm, !

0 0 0 0
HI 0,7 0 0 0

T,=
H.\J 0,7 HN 1,1 0

4. Application to the problem arising in cell membrane theory

One dimensional cable theory is important and useful in the study of electrical
properties of cell membrane, because it makes the theoretical connection between
specific membrane properties and the overall electrical behaviour of an important class of
membrane distributions.

Let x measure the distance down a one dimensional cable.Current is injected at the
end x = 0and the other end x = lis terminated in an open circuit. The electrical behaviour
of the cable is governed by the following pair of differential equations

du
dx

L (1) e (8) with and

dx

Here u(x) represent the transmembrane potential, i{x)is the axial or longitudinal
current down the core of the cable and r is the longitudinal resistance per unit length,
can be linear or nonlinear function of u which crosses the m(u) axis only once with

a possible slope. ,

The above problem can be written as d ; =rm(u) :0<x < 1...09);
where 12(0) = 1and i(1) =0 o (10,9%
Here we take _m{,u] =u 4+ u3 and r=1 dz

Suppose u'[{}) = a and inverting the operator : 5~ in the equation (9),we obtain
dx”
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X
o |

ulx)=1+ax + JJ mu) dxl d.rl """""
-0
Analytic solution have been obtained by using ADM in the paper Venkatarangan, and
Sivakumar, Baiju [7,14]. Numerical comparison with the existing result is also made in this
paper.

In the present paper we found the analytic solution of the above problem using
Taylor Expansion Approach(TEA) developed by P.Darania and A. Ebadian [8]. Numerical
comparison with ADM is also made in the present paper.

The nonlinear integro-differential equation arising in cell membrane theory can
be written in the form

% =a j [u[f} + 113{;] ]d_f with '(0) =a, 0 <x < LLu(0)=Lu'(1)=0
' 0

let  f(x)=a » glty(t))= G(y(r)) =ult) + (1)

then £ 0) =720y =rBN0) = e = N (0) = 0
Also W(1)=W(3)=1 , W(0)=W(2)=W(4) =W(5) wrcericrrrecca. W(N) =0
Ty=T,=T,=T,= =Ty =0
o 0 0 0
1 0 0 ... .. ... .00
o 1 0 ]
0 1 . .0
T, =T,=
: .0
...... SR | |
o 0 o0 ... ... ... ...0
Ny
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On substitution and simplification in (6) for the case pr—4 we have

w0y =a, «'?0)=2, «?(0) =u"V(0) + 3"V (0) = "2 (0) =4 a
- 3
W M0)=u 20y + 3P 0) + 6l (0) = w'M(0) =8 + 64’

u[5?{ﬂ1=u‘3'[ﬂ}| +3H[3]I[ﬂ] + ]ij[l]{ﬂ]u[z]{ﬂ] +f‘.ﬁ[ii“]{ﬂ}]3
= 4% 0)=52a + 6a°

Approximate analytic solution at this stage is

e e s U s e 624
u(lx)=1++ ”a.r+ 2!21 + 3!45:1 +4! [R 6a ]1

+ %{52.:; + 6&3],1'5

w'(1)=0= a=-0.7293455514
For higher approximation at N = 28, approximate analytic solution is

1 1 2 1 3 1 2y 4
u(x}Zl—i—Tax—t—?Zx —|—?4ax _}_?(3—4—64:: )-T

+ 51—'(52.51 + 6a)x> + #(IO4+ 192 a)x® + %(1288.:1
+ 444 a7 )x" + %(2576 + 8280a” + 756a”)x®

+ 91—'(49504‘&' + 372244 + 756a° )x° + %0'(99008

4 509568a> 4+ 124632a%)x'0 + %(280873&: 4 36411364°

+ 307584a” )x'! + I—é|(5617472+ 420764164
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+ 197039524 + 5488564°)x'2 + #(21999980&

+ 435473472a° + 84057696a° + 548856a’ )x'3

T ﬁ{4508267904a2 + 3450667392a* + 282375072a°

+ 439999616 x'* + 1—;'(22703924992(3 + 63766620288:>

+ 21911835744a> + 724553424a’ )x'° + 1—;.(1326535056.::8

+ 6103445187840 + 691984105920” + 113621154624¢°

+ 45407849989 x ¢ + ﬁ(298768336921&1 + 1326535056a°

+ 11279390817408%° + 6035248567872:° + 482163461568z )

x4 l—;'(44l4433522457616 + 101977600134 144>

+ 16452312045124° + 160472361437568%" + 5975366738433

x84+ —1; (4720853835658241 + 2354203827962112°

1821400087627008%:° + 262548546573312

4193699940864:° )x'? + 2(1}, (8062227413856:'"

20624225257585152% + 43003531591679232"
138526086596889G:° + 976519294542848

17820546951388032°)x° + # (95952290107727872

59953502254167244&> + 62549240380521753@"
7725174768948672° + 140940542802881664 "
1630238258857824' ' + 3294554802739 ) x*!

2;' (251060348802830336+ 500804358155566080a°

147349868649984@:'? + 76036789470857472 '
120729283463747520a° + 744297031983693772&°
12371252760614135808* ) x*?

2]3' (2298427624891 1423488 + 7907188131623516716& "

176248847282916613632° + 233100195548558567040°
13178219210956%!° + 611216021475707184@°

+4+ + +++ ++++ + ++ 4+
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1
241
+ 3.41955471810°" &® + 1.38065993310°! &2
+ 4.49426376810°" a* 4+ 3.12909417510'° '°
+ 46286693861248569344 611986068365266425a ') x4

(9.30359785610%° &®

+ 5865610210971033@ ' )x2> +

u'(1) =0= a=-1021515903

Using the second condition x'(1) = 0, we get approximation to y'( () ,which in turn
should be substituted in the analytic solution obtained in various values of N and are
shown in Table-1. The bounds obtained by Arthurs and Arthurs [6] are -1.049 and -1.077.

Approximate values of u'(0) = a

N a

4 -0.7293455514
8 -0.8041111126
12 [-0.8695980508
16 [-0.9244272505
20 [-0.9709162561
24 [-1.000515226
28 [-1.021515903

Table-1

For various N, we obtainthe analytic solution and numerical values obtained in TEA and
ADMare shown in Table-2.

Comparison between TEA and ADM

TEA ADM
X N=24 N=28 s S
B B 3 4
0.0 1.0000000000 1.0000000000 1.0000000000 1.0000000000
0.1 0.9093353697 0.9072222507 0.90785296 0.90494962
0.2 0.8353624148 0.8310639253 0.83234060 0.82644116
0.3 0.7756278161 0.7690120212 0.77092409 0.76189632
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0.4 0.7283558697 0.7192383989 0.72166066 0.70942016
0.5 0.6922618868 0.6804081289 0.68297597 0.66758526
0.6 0.6664322386 0.6515557422 0.65352893 0.63527429
0.7 0.6502471011 0.6320052284 0.63214522 0.61155985
0.8 0.6433193295 0.6213191156 0.61780086 0.59561289
0.9 0.6451589572 0.6191496182 0.60964089 0.58663566
1.0 0.6507707604 0.6222708133 0.60702147 0.58382711
Table-2

From the table, it can easily be seen that ADM converges rapidly than TEA. For
large values of N, the approximate solution obtained in TEA is very close to the
solution obtained in ADM.

Conclusion

In this paper, Taylor Expansion Approach has been applied to solve nonlinear
integro-differential equation arising in cell membrane theory. This method
is applicable to all problems in the general form. This method transformed the
nonlinear integro-differential equations to a matrix equation which corresponds
to a system of nonlinear equations with unknown coefficients. Finally, by using
this system, we find the approximate solution of the nonlinear integro-differential
equation and comparison is made with ADM. All calculations were done using
Maple.
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