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Analytic Solution of Nonlinear Boundary  
Value Problem governing the Electrical  

Behaviour of Cell Membrane 
 

S. Baiju*

In this paper, AdomianDecomposition Method(ADM) and Taylor Expansion 
Approach(TEA) are applied to solve nonlinearintegro-differential equation arising 
in cell membrane theory.  After solving theproblem acomparison is made between 
them.

Keywords: Integro-differential equation,Adomian polynomial, Taylor 
polynomial, Analytical Treatments, Numerical treatments

Introduction
Mathematical formulation of scientific and engineering problems often turn out 

to be nonlinear initial and/or boundary value problems in nature. The interplay 
between applied science and mathematics leads to the development of initial and/
or boundary value problems for nonlinear partial differential or integral or integro-
differential equations modelling real physical systems. The theory and application 
of integral and integro-differential equations is important in applied mathematics. 
These equations are used as mathematical models for many and varied physical 
situations and also occur as reformulations of other mathematical problems. These 
problems contain some physical parameters. While solving, these parameters 
are assumed to be small or large. Sometimes the nonlinearity is assumed to be 
weak.  Nonlinear boundary value problems can be solved either numerically or 
analytically.
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Analytic solutions are important since they give physical insight to the problems 
under investigation,which is lacking in the numerical results. Analytic solution to 
nonlinear problems can be obtained in many ways such as Taylor Series Method 
[4], Picard’s Method [10], AdomianMethod [1, 12], Taylor Expansion Approach [8], 
Laplace Decomposition Method [13], Reversion Method [13], Sarafyan’s Method 
[2] and Laplace Adomian Decomposition Algorithm [7].

Taylor Series Method is difficult to apply since one need to find an analytic 
expression for arbitrarily high derivatives. In Picard’s successive substitution 
method, the complexity increases very rapidly. Adomian method is an optimal 
method-optimal in the sense that it requires lower number of derivatives, 
evaluation in the nonlinear term to obtain Adomian polynomials and successive 
terms of the decomposition are calculated very easily and summed up to obtain 
an approximate analytic solution. Sarafyan’s method for ordinary differential 
equations and systems obtain continuously differential polynomials yielding a 
fourth order Runge-Kutta approximation at all interior points of an interval and a 
fifth order approximation at the end points.

In this paper we discuss the Taylor Expansion Approach (TEA) for solving   
initial/boundary value problems of nonlinear integro-differential equations. This 
method transforms nonlinear integro-differential equation to matrix equation 
which corresponds to a system of nonlinear equations with unknown coefficients.
These unknown coefficients can be found by the initial conditions successively to 
the higher approximations.

The numerical solution of nonlinear integro-differential equation has been highly 
studied by many authors. In recent years, numerous works have been focusing on 
the development of more advanced and efficient methods for integro-differential 
equations such as Wavelet-Galerkin Method [3], Lagrange’s Interpolation Method 
[12] and Tau Method [9] and semi-analytical techniques such as Laplace Adomian 
Decomposition Algorithm [7] Adomian Decomposition Method [12]. Moreover, 
previous studies require more effort to achieve the results, they are not accurate 
and usually developed for special type of integro-differential equations.

2.	 Adomian Decomposition Method

Adomian method consists of 

(i)	 splitting the given operator equation into linear and nonlinear parts 

(ii)	 operating  by the inverse of the linear operator on both sides(In most of the 
cases only the highest order derivative of the linear part is inverted and the rest is 
considered with the nonlinear part  since the inversion is linear)
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(i)	 decomposing the unknown function into a sum whose components are to be 
determined

(ii)	 identifying the terms arising out of source terms and initial and/or boundary 
conditions as the initial term of the sum  and

(iii)	 obtaining the successive terms of the sum in terms of the initial term using 
Adomian polynomials, which are nothing but the coefficients of the powers of a parameter 
in the Maclaurin’s series expansion of the given nonlinear function.

In Adomian Method all the conditions given in the problems were used to obtain 
the initial term   ,irrespective of whether the given problem was initial/boundary 
value problems. All other components of the sum were calculated using the Adomian 
polynomials which dependon. Thus finding     correctly and completely is an important 
step while applying Adomian Method. For initial value problems can be directly found 
out using the given initial conditions. But for  boundary value problems, it was rather 
difficult to find completely and correctly from the conditions given. To avoid these 
difficulties Venkatarangan and Sivakumar introduced a modification of the method, [15] 
Shooting Type ADM. Further details can be found in [7], [15], [17].

3.	 Taylor Expansion Approach

	 General form of the problems under consideration are nonlinear integro-
differential equations of Fredholm and Volterra types in the forms

	 and

		

with initial condition               	   where a and b are constants,          ,	  ,     are  
known functions and          is the solution to be determined.In this equations, without loss 
of generality, we assume that. It will become clear that, following analysis can be readily 
extended to every aϵℛ. Hence the general form is converted into the following way

	

	
and					   

with the initial condition
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Consider the Volterra integro-differential equations.

Assume that the solution of the Volterra integro-differential equation is expressed in 
the form 

		     			    …………. (1)

which is the Taylor polynomial [16] of degree     at      where   
and the coefficients            				                      are  to be determined.

	 Let   				            where  				           be 
the 

the nonlinear term in Volterra integro-differential equation.

For                                   ,  and for               , we obtain the Taylor expansion of                                                	
at           in the form

		

Substituting in the nonlinear Volterra integro-differential equation

		    			   ……………………(2)

Differentiate (2)  n times with respect to x,

		    		  ……………	 ………….(3)

where
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and for,              by applying successively  n  times the Leibnitz’s rule in the integral,

								        ……(4)

where

		

From the Leibnitz’s rule,we evaluate  			         as

		

Hence                     is expressed as 

Substituting in (3) and set 

		

At    for ,  substituting   in the above  equation and for convenience  
represented as
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For  

								        and for , 

For 

	

Also  for

	

The equation                     for                                                   can be found from the  
permutation relation
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where 									         are 
positive integers or zero.

If we take, 				            (5) becomes

 

	

whichis a nonlinear system of                 equations  for 	   unknown  
						      which can be solved numerically by any 
standard method.This systemcan be written as a matrix form

		   			    …………..(6) where



«   91   »

Vol. 2   No. 2   July 2019 Academic Research and Review Letters

To make easy calculation, we set ,   then                   .Therefore, the system becomes

	

4.	 Application to the problem arising in cell membrane theory

One dimensional cable theory is important and useful in the study of electrical 
properties of cell membrane, because it makes the theoretical connection between 
specific membrane properties and the overall electrical behaviour of an important class of 
membrane distributions.

Let x measure the distance down a one dimensional cable.Current is injected at the 
end  and the other end  is terminated in an open circuit. The electrical behaviour 
of the cable is governed by the following pair of differential equations

		    ………..(7)

		    ……….(8) with and 

Here  represent the transmembrane potential,  is the axial or longitudinal 
current down the core of the cable and   r  is the longitudinal resistance per unit length, 

can be linear or nonlinear function of u which crosses the  axis only once with 
a possible slope.

    The above problem can be written as  				        …….(9);

where     and      ……….(10)

Here we take              and 

Suppose       and inverting the operator 
      

in the equation (9),we obtain



«   92   »

Vol. 2   No. 2   July 2019Academic Research and Review Letters

		

				    ……….(11)

Analytic solution have been obtained by using ADM in the paper Venkatarangan, and 
Sivakumar, Baiju  [7,14]. Numerical comparison with the existing result is also made in this 
paper.

	 In the present paper we found the analytic solution of the above problem using 
Taylor Expansion Approach(TEA) developed by P.Darania and A. Ebadian [8]. Numerical 
comparison with ADM is also made in the present paper.

	 The nonlinear integro-differential equation arising in cell membrane theory can 
be written in the form

				            with

Let              ,

then

Also          , 
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On substitution and simplification in (6) for the case       ,we have

	              ,        ,

	

Approximate analytic solution at this stage is 

For higher approximation at       , approximate analytic solution is 
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Using the second condition   , we get approximation to     ,which in turn 
should be substituted in the analytic solution obtained in various values of  N and are 
shown in Table-1. The bounds obtained by Arthurs and Arthurs [6] are -1.049 and -1.077.

Approximate values of 

N a
4 -0.7293455514
8 -0.8041111126
12 -0.8695980508
16 -0.9244272505
20 -0.9709162561
24 -1.000515226
28 -1.021515903

Table-1

For various N, we obtainthe analytic solution and numerical values obtained in TEA and 
ADMare shown in Table-2.

Comparison between TEA and ADM

x

TEA ADM

N=24 N=28 S3 S4

0.0 1.0000000000 1.0000000000 1.0000000000 1.0000000000

0.1 0.9093353697 0.9072222507 0.90785296 0.90494962

0.2 0.8353624148 0.8310639253 0.83234060 0.82644116

0.3 0.7756278161 0.7690120212 0.77092409 0.76189632
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0.4 0.7283558697 0.7192383989 0.72166066 0.70942016

0.5 0.6922618868 0.6804081289 0.68297597 0.66758526

0.6 0.6664322386 0.6515557422 0.65352893 0.63527429

0.7 0.6502471011 0.6320052284 0.63214522 0.61155985

0.8 0.6433193295 0.6213191156 0.61780086 0.59561289

0.9 0.6451589572 0.6191496182 0.60964089 0.58663566

1.0 0.6507707604 0.6222708133 0.60702147 0.58382711

Table-2

From the table, it can easily be seen that ADM converges rapidly than TEA. For 
large values of N, the approximate solution obtained in TEA is very close to the 
solution obtained in ADM.

Conclusion
In this paper, Taylor Expansion Approach has been applied to solve nonlinear 

integro-differential equation arising in cell membrane theory. This method 
is applicable to all problems in the general form. This method transformed the 
nonlinear integro-differential equations to a matrix equation which corresponds 
to a system of nonlinear equations with unknown coefficients. Finally, by using 
this system, we find the approximate solution of the nonlinear integro-differential 
equation and comparison is made with ADM.  All calculations were done using 
Maple.
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